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Abstract 



The concept of exchange braid statistics is generalized. The cross statistics is 
studied as a result of interaction. An algebraic model of a system of particles 
equipped with such statistics is described. The corresponding Fock space repre- 
sentation is also given. 

1. INTRODUCTION 

It is well known that the standard approach to statistics of identical particles is based 
on the notion of the usual symmetric group S n . This group describes the interchange 
process of indistinguishable particles. The transposition (1, 2) — > (2, 1) corresponding 
for the exchanging of two identical particles is represented by the map 



Every transposition yields a phase factor equal to ±1 (+1 for bosons and —1 for 
fermions). If we replace the factor ±1 by a complex parameter q, then we obtain 
the most simple generalization of the usual concept of statistics, namely the well- 
known g-statistics [[1], |2], 0, J|, || . The corresponding particles are said to be quons. If 
q := exp(i(f), where < tp < 2n is the so-called statistics parameter, then the corre- 
sponding g-statistics is determined by the value of (p. Observe that for ip = we have 
bosons, and for ip = ±7r - fermions. For arbitrary ip G [0, 2tt) we obtain anyons || |7]]. 

There is an interesting concept of an exotic statistics in a low dimensional space 
based on the notion of the braid group B n || ||. In this concept the configuration 
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space for the system of n-identical particles moving on a manifold A4 is given by the 
following relation 

Q n {M) = (M xn -D)/S n , 

where D is the subset of the Cartesian product Ai xn on which two or more particles 
occupy the same position. The group n 1 (Q n (M)) = B n (M) is just the n-string braid 
group on M.. Note that the statistics of a system of particles is determined by the 
group S n H ||. This group is a subgroup of the braid group B n (M) corresponding for 
the interchange process of two arbitrary indistinguishable particles. It is an extension 
of the symmetric group S n . The mathematical formalism related to the braid group has 
been developed intensively by Majid, see [It], [IT], [T2|, [13], [H], |I^, [IB| for example. An 
algebraic formalism for a particle system with generalized statistics has been consid- 
ered by the author [17], [31 



19, 20 



It is interesting that in this algebraic approach 
all commutation relations for particles equipped with an arbitrary statistics can be 
described as a representation of the so-called quantum Weyl algebra W (or Wick alge- 
bra) |27|, |28|, ^9], |3TJ . In this attempt the creation and annihilation operators act on 
an algebra A. The creation operators act as the multiplication in this algebra and the 
annihilation ones act as a noncommutative contraction (noncommutative partial deriva- 
tives). The algebra A play the role of noncommutative Fock space. The application 
for particles in singular magnetic field has been given by the author [[23], Note 



that similar approach has been also considered by others authors |32], |33j, [34], |35 



An interesting concept related to generalized statistics has been also given in |37|, |38 



In this paper we are going to study of a system of charged particles moving under 
influence of an intermediate quantum field. Our fundamental assumption is that every 
charged particle is transform under interaction into a system consisting a charge and 
quanta of the field. Such system behaves like free particles moving in certain effective 
space. It is showed that the system is endowed with the so-called cross statistics. This 
statistics is a result of inetractions. For the description of such statistics we develop 
the algebraic model of a system with generalized statistics studied previously by the 
author BEL HOI. 



2 . FUNDAMENTAL ASSUMPTIONS 



We are going here to study a system of charged particles with certain dynamical inter- 
action. It is natural to expect that some new and specific quantum states of the system 
have appear as a result of interaction. We would like to describe all such states. In order 
to do this we assume that the interaction can be described by an intermediate quantum 
field. Our fundamental assumption is that every charged particle is transform under 
interaction into a system consisting a charge and A-species of quanta of the field. A 
system which contains a charge and certain number of quanta as a result of interaction 
with the quantum field is said to be a dressed particle J43|. Next we assume that every 
dressed particle is a composite object equipped with an internal structure. Obviously 
the structure is determined by the interaction with the quantum field. We describe 
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the structure of a dressed particle as a nonlocal system which contains n centers. Such 
centers behave like free particles moving on certain effective space. Every center is 
equipped with ability for absorption and emission of quanta of the intermediate field. 
A center dressed with a single quantum of the field is said to be a quasiparticle. Quasi- 
particles represent elementary excited quantum states of the given system and they are 
are described by as a finite set of elements 

Q : = {a;* : i = 1,...,JV < 00} (2.1) 

which form a basis for a linear space E over a field of complex numbers C. A center 
which is an empty place for a quantum is called a quasihole. Quasiholes represent 
conjugate states and they are corresponding to the basis 

Q* ■= {x" :i — N,N-l,...,l}. (2.2) 

for the complex conjugate space E*. The pairing g& : E* ® E — > C and the corre- 
sponding scalar product is given by 

gE{x H <g> x j ) = (x l \x j ) := 5 ij . (2.3) 

A center which contains any quantum is said to be neutral. It represents the ground 
state |0 >= 1 of the system. A neutral center can be transform into a quasiparticle 
or a quasihole by an absorption or emission process of single quantum, respectively. 
Quasiparticles and quasiholes as components of certain dressed particle have also their 
own statistics. It is interesting that there is a statistics of new kind, namely a cross 
statistics. This statistics is determined by an exchange process of quasiholes and quasi- 
particles. Note that the exchange is not a real process but an effect of interaction. 
Such exchange means annihilation of a quasiparticle on certain place and simultaneous 
creation of quasihole on an another place. This statistics is described by an operator T 
called an elementary cross or twist. This operator is linear, invertible and Hermitian. 
It is given by its matrix elements T : E* <g> E — > E <g> E* 

T{x H <g> x j ) = E T k jx k <g> x* 1 . (2.4) 

The usual exchange statistics of quasiparticles is described a linear B satisfying the 
standard braid relations 

B (i) B (2) B (i) = B (2) B (i) B (2)^ ( 2 _ 5 ) 

where := B ® id and B^ := id ® B. The exchange process determined by the 
operator B is a real process. Such exchange process is possible if the dimension of the 
effective space is equal or great than two. Hence in this case we need two operators T 
and B for the description of our system with generalized statistics. These operators are 
not arbitrary. They must satisfy the following consistency conditions 

B (l) T (2) T (l) = T (2) T (1) B (2) ? 

(id E ®E + T)(id E ®E - B) = 0, 
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where the operator T : E <g> E — > E <g> E is given by its matrix elements 

TO = Tg. (2.7) 

We need a solution of these conditions for the construction of an example of a system 
with generalized statistics. Note that the general solution for these conditions is not 
known. Hence we must restrict our attention to some particular cases only. One can 
use solutions used in noncommutative differential calculi in order to give some examples 



41| . In the one-dimensional case there is no place for such exchange process. Hence in 



this case only the cross statistics is possible, the exchange braid statistics not exists. 
3 . HERMITIAN WICK ALGEBRAS 

Let us consider a pair of unital and associative algebras A and A*. We assume that 
they are conjugated. This means that there is an antilinear and involutive isomorphism 
(— )* : A — > A* and we have the following relations 

m A *{b* ®a*) = (m A (a®b))*, (a*)* = a, (3.1) 

where a, b G A and a*,b* are their images under the isomorhism (— )*. Both algebras 
A and A* are graded 

A := A n , A* := A* n . (3.2) 

n n 

A linear mapping \I/ : A* <8> A — > A <S> A* such that we have the following relations 

\I/ o {id a* ® m A ) = (m A (g> id A *) o {id A ® ^) o (iff ® id A ), 

* o (m A * <g> id A ) = (id A <g> m A *) o (* <g> id A *) o (id A * ® (3.3) 

(*(6* <g> a))* = ^(a* <g> 6) 



is said to be a cross symmetry or *-twist |42|. We use here the notation 

^(6* <g> a) = So(i) ® 6( 2) (3.4) 

for a G A,b* G .4*. 

The tensor product .4. ® .A* of algebras ^4. and A* equipped with the multiplication 

m# := (m_4 ® m A *) o (id A ® $ <8> «gU*) (3-5) 

is an associative algebra called a Hermitian Wick algebra |27|, [L| and it is denoted by 
W = W^(*4) = A®q, A*. This means that the Hermitian Wick algebra W is the tensor 



cross product of algebras A and A* with respect to the cross symmetry ^ [0. Let H 
be a linear space. We denote by L(H) the algebra of linear operators acting on H. One 
can prove [|2] that we have the 

Theorem: Let W = A A* be a Hermitian Wick algebra. If n A : A — ► L(H) 
is a representation of the algebra A, such that we have the relation 

(7r A (b))*ir A {a) = E7u(a(i))7r>(&fo), , g g . 

7r>(a*) := (tt^(o))*, 
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then there is a representation 7r>v : W — ► L(H) of the algebra W. We use the following 
notation 

n A (x l ) = aj, vr^*(x") = a x *i. (3.7) 

The relations ( |3.6|) are said to be commutation relations if there is a positive definite 
scalar product on H such that operators adjoint to a x *% and vice versa. Let 

us consider a Hermitian Wick algebra W corresponding for a system with generalized 
statistics. For the construction of such algebra we need a pair of algebras A, A* 
and a cross symmetry ^ . It is natural to assume that these algebras have E and E* 
as generating spaces, respectively, and there is the following condition for the cross 
symmetry 

*\e*®e = T + 9e . (3.8) 



4 . FOCK SPACE REPRESENTATION 



Let us consider the Fock space representation of the algebra W corresponding for a 
system with generalized statistics. For the ground state and annihilation operators we 
assume that 

(0|0) = 0, a s .|0) = for s* E A*. (4.1) 

In this case the representation act on the algebra A. Creation operators are defined as 
a multiplication in the algebra A 

a+t := m A (s ®t), for s,t E A. (4.2) 

The proper definition of the action of annihilation operators on the whole algebra A is 
a problem. 

If the action of annihilation operators are given in such a way that there is unique, 
nondegenerate, positive definite scalar product on A, creation operators are adjoint to 
annihilation ones and vice versa, then we say that we have a well-defined system with 
generalized statistics in the Fock representation ||4(J . 

Let us consider some examples for such systems. Assume that quasiparticles and 
quasiholes are moving on one dimensional effective space. In this case the algebra of 
states A is the full tensor algebra TE over the space E, and the conjugate algebra 
A* is identical with the tensor algebra TE*. If T = then we obtain the most simple 
example of well-defined system with generalized statistics. The corresponding statistics 
is the so-called infinite (Bolzman) statistics fllj p|, |40|. If T : E* <g> E — > E <g> E* is an 



arbitrary nontrivial cross operator, then there is the cross symmetry \& T : TE*®TE — > 
TE (g> E*. It is defined by a set of mappings : E*® k ® E*® k — ► E & <g> E*® k , where 
= R := T + g E , and 



:=i4°o...oi?; i) , 

:= (#i,z) (1) °...°(^i,,) (fc) , 



(4.3) 
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here Rf ] : e\ 1) — ► Ef Ef ] := E ® . . . ® E* ® E ® . . . ® E (I + 1-factors, E* on the 
i-th place, i < I) is given by the relation 

r\ i) ■= id E ® . . . ® R ® . . . <g> zd E , 



£ times 



where i? is on the i-th place, (^i.i)^ is defined in similar way like R^K The commutation 
relations ( |3.6| ) can be given here in the following form 



a x *ia+j - TU a tk a x* 1 = ( 4 - 4 ) 
If the linear operator T : E eg) E — ► E ® E with the following matrix elements 

(m = if. (4.5) 

is bounded, we have the following Yang-Baxter equation on E <S> E <g> E 

(f <g> id E ) o (id E ® f) o (T ® zrfs) = (zci B ® T) o (T ® o (id E (8) T), (4.6) 

and ||T|| < 1, then according to Boiejko and Speicher [^] there is a positive definite 
scalar product. Note that the existence of a nontrivial kernel of the operator P2 = 
id E ® E + T is essential for the nondegeneracy of the scalar product P7| . One can see that 
if this kernel is trivial, then we obtain well-defined system with generalized statistics 



28 



If the dimension of the effective space is great than one and the kernel of P2 is 
nontrivial, then the scalar product is degenerate. Hence we must remove this degeneracy 
by factoring the mentioned above scalar product by the kernel. In this case we have 
A := TE/I, A* := TE*/P, where / := gen{id mE - B} is an ideal in TE and 
B : E ® E — > E <8> E is a linear and invertible operator satisfying the braid relation 



(|2.5|) and the consistency conditions (|2.6|) , I* is the corresponding conjugated ideal in 
TE*. One can see that there is the cross symmetry and the action of annihilation 
operators can be defined in such a way that we obtain the well-defined system with the 



usual braid statistics |3D|. We have here the following commutation relations 

a x »a+ - T l k \ a+ k a x *i = 8 lj l 

a x *id x *j — Bf- a x ,ia x *k = 0, (4.7) 
a % a % ~ B ki G M = 0- 

Observe that for T = B = r, where r represents the transposition fll.lp we obtain the 
usual canonical ( ant i-) commutation relations for bosons or fermions. 
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